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Abstract
The ladder operators for one dimensional quantum harmonic oscillator were con-
structed by Schro¨dinger in 1940s. We extend this method to a two dimensional uniform
magnetic field and establish the ladder operators which depend on all spatial variables
of quantum system. The Hamiltonian of quantum system can also be written by the
velocity of the particle.
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1 Introduction
The algebraic method has become the subject of interest in various fields[1, 2, 3, 4, 5, 6, 7, 8, 9,
10, 11]. A main approach to algebraic method is related with the factorization method [12], in
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†E-mail address: dongsh2@yahoo.com
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which we have obtained the ladder operators for many solvable potentials including the Morse
potential, the Po¨schl-Teller potential, the square-well potential, etc. We refer the readers
to ref. [12] for an elaborate background information about ladder operators. Moreover, it
should be stressed that the ladder operators for these quantum systems mentioned above
depend on only one variable. That is to say, they are only concerned with one-dimensional
problem even though some quantum systems are treated in two and/or three dimensions but
the ladder operators are relevant for one variable either radial part or other angular part.
Recently, we have generalized this method to the ladder operators that depend on all
spatial variables. The typical examples are the circular and spherical wells directly from the
normalized wave functions [13, 14, 15]. Essentially, these ladder operators constructed in
Refs. [13, 14, 15] are called shift operators. The main difference between them lies in the
fact that the ladder operators are concerned with the different energy spectra within the
same potential, while the shift operators refer to a group of potentials connected with the
same energy. With the same spirit, our aim is to study the ladder operators depending on
all variables ρ and ϕ realized for a charged particle moving in a two-dimensional uniform
magnetic field. This arises from the recent interest in the lower-dimensional field theory and
condensed matter physics [16, 17] and also from our previous study on the ladder operators
for this problem, which essentially is one dimensional case [18]. It is worth emphasizing that
we are only interested in the case where a uniform magnetic field B and the electric field
V (ρ) = 0 are considered as before [18, 19, 20].
This work is organized as follows. In Sect. 2 we present the exact solutions of a charged
particle in a uniform magnetic field in two dimensions. In Sect. 3 we present general
formalism to establish the ladder operators. Some concluding remarks are given in Sect. 4.
2 Exact solutions
We begin by considering potential model V (ρ) subjected to the electromagnetic field [19]
1
2µ
(
~p− q ~A
)2
ψ = [E − V (ρ)]ψ, (1)
2
where ~p = −ih¯~∇ and q denotes charge. The ~A and V (ρ) denote the vector potential and
electric field, respectively. In this work, we are only interested in the case with a uniform
magnetic field B and the electric field V (ρ) = 0 [19, 20]. As shown by Landau and Lifshitz
[20], we take the vector potential of the form Aϕ = Bρ/2, Aρ = 0. Expanding equation (1)
and using the property ~∇ · ( ~Aψ) = ~A · ~∇ψ + ψ~∇ · ~A and ~∇ · ~A = 0, Eq. (1) becomes
− h¯2∇2ψ + 2ih¯ q ~A · ~∇ψ + q2 ~A · ~Aψ = 2µEψ. (2)
By taking ψ(~ρ) = (1/
√
2π)ρ−1/2H(ρ)eimϕ (m = 0,±1,±2, . . .), we obtain
− h¯2H′′(ρ)− h¯
2H(ρ)
4ρ2
+
m2h¯2H(ρ)
ρ2
− 2h¯m q
ρ
(
Bρ
2
)
H(ρ) + q2 ~A · ~AH(ρ) = 2µEH(ρ). (3)
For electron, q = −e and using atomic units e = h¯ = µ = 1, we obtain a simpler expression
H′′(ρ) +
(
β − m
2 − 1
4
ρ2
− 2σm− σ2 ρ2
)
H(ρ) = 0, β = 2E, σ = B/2, (4)
which can be further written as
ζH′′(ζ) + 1
2
H ′(ζ) +
(
τ
4σ
− m
2 − 1/4
4ζ
− ζ
4
)
H(ζ) = 0, ζ = σ ρ2, (5)
where τ = β − 2σm. By taking the wave function H(ζ) = ζ1/4+|m|/2e−ζ/2G(ζ), we have
ζG′′(ζ) + (1 + |m| − ζ)G′(ζ) +G(ζ)
(
λ− |m|+ 1
2
)
= 0, λ =
τ
4σ
=
β
4σ
− m
2
, (6)
whose solution is given by 1F1 [− (λ− (|m|+ 1)/2) ; |m|+ 1; ζ ]. From quantum condition
λ− (|m|+ 1)/2 = nρ, we have
Enρm = B
(
nρ +
m
2
+
|m|+ 1
2
)
, nρ = 0, 1, 2, . . . . (7)
In the case of negative m, we have Enρ = B(nρ + 1/2). For positive m, however, we have
Enρm = B(nρ +m+ 1/2). The incorporating them allows us to have En = B(n + 1/2), n =
0, 1, 2, . . .. However, the whole wave functions are calculated as
ψnρm(~ρ) =
1√
2π
√
2σnρ!
(nρ + |m|)! e
−ζ/2ζ |m|/2L|m|n (ζ)e
imϕ. (8)
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Let us study this problem from another point of view. If defining the velocity of the
particle as vˆ = (~p + ~A)/µ, then the Hamiltonian can be expressed as H = µvˆ2/2, which is
just the kinetic energy of the particle. Using the following commutation rules
[vˆx, vˆy] = −i
(
∂Ay
∂x
− ∂Ax
∂y
)
= −i B, [vˆy, vˆz] = 0, [vˆz, vˆx] = 0, (9)
the Hamiltonian is expressed by
H =
1
2
(vˆ2x + vˆ
2
y), µ = h¯ = 1. (10)
Introducing vˆx =
√
BQˆ, vˆy =
√
BPˆ and using [Qˆ, Pˆ ] = i, the Hamiltonian H = (B/2)(Qˆ2 +
Pˆ 2). Its energy coincides with the above result.
3 Ladder operator
We now address the problem of finding the ladder operators for the wave functions (8) by
the factorization method. As shown in Ref. [12], the ladder operators can be constructed
directly from the wave functions using only one variable, while in the present study the
ladder operators depend on all variables, ρ and ϕ. Our aim is to establish the connection
between the wave functions ψnm(~ρ) and ψ(n±1) (m±1)(~ρ) through the ladder operators, i. e.
ψ(n±1) (m±1)(~ρ) = L±ψnm(~ρ), but this is more complicated in comparison with the famous
harmonic oscillator case ψn and ψn±1 worked out first by Schro¨dinger in 1940. For simplicity,
we denote quantum number nρ by n.
To this end, we start by acting the following operator on the wave functions (8)(
∂
∂x
± i ∂
∂y
)
ψnρm(ρ, ϕ) = e
±iϕ
[
∂
∂ρ
± i
ρ
∂
∂ϕ
]
ψnρm(ρ, ϕ), (11)
where we have used the following relations
x = ρ cos(ϕ), y = ρ sin(ϕ), tan(ϕ) =
y
x
, ζ = σρ2, ρ =
√
ζ√
σ
. (12)
First, let us establish the relation between the wave function ψnm(ρ, ϕ) and ψ(n+1) (m+1)(ρ, ϕ).
To achieve this, we have to consider the following recurrence relations of the associated La-
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guerre polynomials [21]
d
dx
Lαn =
nLαn(x)− (n+ α)Lαn−1(x)
x
,
xLα+1n (x) = (n+ α)L
α
n−1(x)− (n+ α + 1− x)Lαn(x), (13)
(n+ 1)Lαn+1(x)− (2n+ α + 1− x)Lαn(x) + (n+ α)Lαn−1(x) = 0,
from which we have
d
dx
Lαn(x) =
(2 + α + 2n− x)
(1 + n− x) L
α
n(x)−
n+ 1
n+ 1− xL
α+1
n+1(x). (14)
Using above formula (14), we are able to obtain the following relation
−(n+ 1− ζ)
2
√
σ
[ ∂
∂ρ
+
i
ρ
∂
∂ϕ
− 2
√
σζ
(
1
2
− n+ |m|/2 + 1
ζ
+
(n + 1)(n+ |m|+ 1)
ζ(n+ 1− ζ)
)
+
m
√
σ√
ζ
]
eiϕψnm =
√
(n+ 1)(n+ |m|+ 1)(n+ |m|+ 2)ψ(n+1)(m+1),
(15)
where we used n to replace nρ for simplicity. Furthermore, considering the relation (12), we
can simplify the above expression as
(n+ 1− ζ)
√
ζ
[
− ∂
∂ζ
+
(
1
2
− n + |m|/2 + 1
ζ
+
(n+ 1)(n+ |m|+ 1)
ζ(n+ 1− ζ)
)]
eiϕψnm
=
√
(n + 1)(n+ |m|+ 1)(n+ |m|+ 2)ψ(n+1)(m+1),
(16)
from which we define
L+ = (n + 1− ζ)
√
ζ
[
− ∂
∂ζ
+
(
1
2
− n+ |m|/2 + 1
ζ
+
(n + 1)(n+ |m|+ 1)
ζ(n+ 1− ζ)
)]
eiϕ, (17)
with the property
L+ψnm =
√
(n+ 1)(n+ |m|+ 1)(n+ |m|+ 2)ψ(n+1)(m+1). (18)
On the other hand, to find the relation between ψnρm(ρ, ϕ) and ψ(nρ−1) (m−1)(ρ, ϕ) we
have to consider the following relations except for the first formula used in (13)
Lα−1n (x) = L
α
n(x)− Lαn−1(x) and (19)
nLαn(x) = (2n+ α− 1− x)Lαn−1(x)− (n+ α− 1)Lαn−2(x). (20)
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Consequently, we have
d
dx
Lαn(x) =
n + α− 1
n− x
[
n + α
x
Lα−1n−1(x)−
n(α + x)
x(n + α− 1)L
α
n(x)
]
. (21)
In a similar way, we have the following relation
n− ζ
2
√
σ
[ ∂
∂ρ
− i
ρ
∂
∂ϕ
− 2
√
σζ
(
−1
2
+
|m|
2ζ
− n(|m|+ ζ)
ζ(n− ζ)
)
−|m|
√
σ√
ζ
]
e−iϕψnm =
√
n(n + |m|)(n+ |m| − 1)ψ(n−1)(m−1),
(22)
from which one is able to obtain a simple form
(n−ζ)
√
ζ
[ ∂
∂ζ
−
(
−1
2
+
|m|
2ζ
− n(|m|+ ζ)
ζ(n− ζ)
)]
e−iϕψnm =
√
n(n+ |m|)(n+ |m| − 1)ψ(n−1)(m−1).
(23)
Thus, we may define
L− = (n− ζ)
√
ζ
[ ∂
∂ζ
−
(
−1
2
+
|m|
2ζ
− n(|m|+ ζ)
ζ(n− ζ)
)]
e−iϕ, (24)
with the following property
L−ψnm =
√
n(n + |m|)(n+ |m| − 1)ψ(n−1)(m−1). (25)
Accordingly we have found the ladder operators L± which establish the connection between
the wave functions ψnm(~ρ) and ψ(n±1) (m±1)(~ρ).
4 Concluding remarks
In this work we have established the ladder operators for a charged particle moving in a two
dimensional uniform magnetic field, but these operators depend on all spatial variables ρ
and ϕ. Finally we have reconsidered this quantum system from algebraic point of view by
introducing a velocity operator.
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